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Abstract
We study codimension-even conical defects that contain a deficit solid angle
around each point along the defect. We show that they lead to delta function
contributions to Lovelock scalars and we compute the contribution by two meth-
ods. We then show that these codimension-even defects appear as Euclidean
brane solutions in higher dimensional topological AdS gravity which is Love-
lock–Chern–Simons gravity without torsion. The theory possesses a holo-
graphic Weyl anomaly that is purely of type-A and proportional to the Lovelock
scalar. Using the formula for the defect contribution, we prove a holographic
duality between codimension-even defect partition functions and codimension-
even brane on-shell actions in Euclidean signature. More specifically, we find
that the logarithmic divergences match, because the Lovelock–Chern–Simons
action localizes on the brane exactly. We demonstrate the duality explicitly
for a spherical defect on the boundary which extends as a codimension-even
hyperbolic brane into the bulk. For vanishing brane tension, the geometry is a
foliation of Euclidean AdS space that provides a one-parameter generalization
of AdS–Rindler space.
Keywords: Lovelock gravity, topological gravity, AdS/CFT correspondence,
conical defect, codimension-even brane
(Some figures may appear in colour only in the online journal)
1. Introduction
Conical singularities have recently played an important role in the context of the
AdS/conformal field theory (CFT) correspondence. In particular, they appear when computing
1361-6382/20/195010+30$33.00 © 2020 IOP Publishing Ltd Printed in the UK 1
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CFT entanglement entropies of subregions using the replica trick [1, 2]. The replica trick leads
to a proof [3] of the Ryu–Takayanagi formula [4, 5] that identifies entanglement entropy as
the area of a minimal surface in the bulk. The proof also extends to Rényi entropy which was
shown to be computed by the area of a backreacting cosmic brane [6] consisting of conical
singularities distributed along a codimension-2 surface.
Geometrically, a cone consists of a compact manifold that shrinks to zero size at the tip
of the cone leading to a curvature singularity. The singularity can be point-like or extended
along a surface forming a defect or a brane. Usually the manifold that shrinks is a circle so
that the defect is of codimension-2, however, more complicated manifolds appear for example
in string theory conifolds [7, 8] and the corresponding defect can be of higher codimension.
In particular, higher codimension branes have been studied as possible braneworld models in
Lovelock gravity [9–11] where they appear as solutions.
Lovelock gravities are the most general theories of gravity whose actions depend only on
the metric and whose equations of motion are of second order in derivatives [12]. The Lovelock







· · ·Rcmdmambm , (1.1)
which are antisymmetrized products of Riemann tensors. Their behaviour in the presence
of conical singularities was studied in [13]. There it was shown that the contribution of a
codimension-2 defect is distributional in nature: the integral over the defect gives a finite con-
tribution and takes the form of the intrinsic Lovelock scalar R̂(m−1) integrated over the defect.
The derivation in [13] applies to cones with rotational isometry, but it was extended to squashed
cones with broken rotational isometry in [14].
The strategy used in [13, 14] to derive the contribution from a codimension-2 defect is to
introduce a small parameter ε that smooths out the singularities defining a regular manifold.
One then computes the integral of the curvature invariant
∫
R(m) over the regular manifold tak-
ing ε→ 0 limit at the end of the computation. The limiting procedure gives rise to an additional
finite term proportional to the integral of the intrinsic Lovelock scalar R̂(m−1) of the defect. A
second method, applied to the Ricci scalar R(1) in [3, 15], is to consider the variation δ
∫
R(1)
with respect to the deficit angle of the singularity. In that case, an additional finite term arises
from a boundary term localized at the singularity and the result agrees with the regularization
method.
In the first part of this work, we use both of the above methods to derive the contribution
of a codimension-2p defect to
∫
R(m). The defects we consider have a sphere S2p−1 shrinking
to zero size at the tip of the cone and contain a solid angle deficit parametrized by a single
parameter α. We find that the defect contribution is an integral of the intrinsic Lovelock scalar
R̂(m−p) of the defect which generalizes the codimension-2 result. Using the variational method,
we also show that the same result arises from the Gibbons–Hawking boundary term of pure
Lovelock gravity [16, 17].
A simple theory of gravity where conical singularities appear as solutions is three-
dimensional Einstein gravity in AdS space [18–20]. This theory is a Chern–Simons theory
of the AdS isometry group so that all its solutions are locally AdS [19] and non-trivial effects
arise at the global level only. In addition to Einstein gravity, there is a whole family of (2m + 1)-
dimensional Lovelock–Chern–Simons (LCS) gravities in AdS space whose Lagrangians are
Chern–Simons forms [21, 22]. These theories are Lovelock gravity theories with specific val-
ues for the couplings that lead to an enhanced local AdS symmetry. The solutions of these
theories are not locally AdS, but they are still trivial in the sense of having a flat connection of
the corresponding curvature. In this paper, we focus on torsionless (Riemannian) geometries
2
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so that the LCS action is a function of the metric only. The solutions are then trivial by being
locally Lovelock–AdS metrics.
Three-dimensional Einstein gravity is a well studied toy model for holography and one
can ask what aspects of holography in that case generalize to LCS gravity? One aspect is the
holographic Weyl anomaly which in LCS gravity is proportional to the Euler characteristic
[23–26]. Hence the anomaly is purely of type-A in the classification of [27] and, because of
the vanishing of the type-B anomaly, the potential dual CFT is necessarily non-unitary [23].2
Regardless, one can use the Weyl anomaly to compute partition functions of defects of the
potential non-unitary CFT.
In two-dimensional CFTs, defect partition functions compute Rényi entropies which are
dual to boundary anchored cosmic string solutions [15]. In higher dimensions, strings are
replaced by branes of which the standard example is the hyperbolic black hole solution [29] that
computes Rényi entropy of a ball-shaped region [30, 31]. Brane solutions can also be found in
LCS gravity which couples to them consistently [32, 33]. It also supports point-particle solu-
tions with a deficit solid angle around the particle that also extend to brane solutions [34].3 In
the same vein, we find an Euclidean codimension-2p hyperbolic brane solution with a deficit
solid angle at each point along the brane.
Codimension-2p Euclidean brane solutions that reach the conformal boundary asymptote
to codimension-2pdefects embedded in the conformal boundary geometry. The on-shell brane
action of LCS gravity is then a functional of the boundary defect metric whose variation with
respect to a Weyl transformation produces the holographic Weyl anomaly R(m). The presence
of the defect leads to an extra contribution to the anomaly which can be computed using the for-
mula for
∫
R(m) for manifolds with defects. By scale invariance we then obtain the coefficient
of the logarithmic divergence in the expansion of the on-shell brane action. The coefficient is
simply given by a lower order Lovelock scalar R̂(m−p) of the defect.
Another way to extract the coefficient of the logarithmic divergence is to compute the on-
shell brane action directly and, remarkably, we find that the LCS Lagrangian L(m) localizes on
the brane exactly. In other words, the defect contribution is an integral of the lower dimensional
LCS Lagrangian L̂(m−p) of the brane. By expanding the resulting action near the boundary, we
find the same coefficient as predicted by the holographic Weyl anomaly of the defect. This is
a strong consistency check of our defect formula and of boundary anchored codimension-2p
branes in LCS gravity.
The simplest setup to demonstrate these computations explicitly is a spherical defect of
fixed radius on the boundary. The defect geometry is obtained by transferring to a new set of
coordinates via a generalization of the Casini–Huerta–Myers map [30]: it is a conformal trans-
formation from R2m to S2p−1 ×H2m−2p+1. The brane solution that asymptotes to the defect is
the codimension-2p hyperbolic brane mentioned above. For vanishing brane tension, the solu-
tion provides a foliation of Euclidean AdS2m+1 by S2p−1 ×H2m−2p+1-slices and it is the higher
dimensional analogue of the Euclidean AdS–Rindler space [35]. As expected, the hyperbolic
brane action reproduces the Weyl anomaly of the spherical defect.
The paper is structured as follows. In section 2 we derive the contribution of the defect to
the integral of a Lovelock scalar. We use two methods: regularization method in subsection 2.2
and variational method in subsection 2.3. In section 3, we move on to study codimension-2p
brane solutions in Lovelock–Chern–Simons gravity and prove the correspondence between
2 Non-unitary CFTs and holography have been studied for example in [28].
3 The point-particle solution in [34] is for a vanishing cosmological constant, but for the brane solutions, the
cosmological constant is non-zero.
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brane on-shell actions and defect partition functions. In section 4, we demonstrate the duality
explicitly for a spherical defect which is dual to a hyperbolic brane in the bulk. Technical details
of the derivations can be found in appendices A and B. Euclidean AdS2m+1 in codimension-2p
hyperbolic slicing is presented in appendix C.
1.1. Summary of results
In the first half of this paper, we derive a formula for the integral of a Lovelock scalar R(m) of a
manifoldMα that contains a codimension-2pdefect A. The type of defects we consider have a
solid angle deficit at each point along the defect A. Close to the defect, the metric of Mα takes
the form
ds2 = ρ2α2 dΩ22p−1 + dρ
2 + hi j dx
i dx j (1.2)
where A is located at ρ = 0 and hi j is the induced metric of A. Locally the metric is S2p−1 ×
A and it is spherically symmetric around ρ = 0 for fixed xi. For α = 1, there is a curvature
singularity at ρ = 0 caused by the solid angle deficit. The formula we prove is∫
Mα
√











h R̂(m−p), p  m
0, p > m
(1.4)
is the additive and finite contribution arising from the defect. In other words, the defect gives
a delta function contribution to R(m). The prefactors here are4
C(m,p) =
(4π)p m!










B(1 − α2; p, 1/2)
B(p, 1/2)
(1.5)
where the function U(p)(α) is the regularized beta function that satisfies
U(1)(α) = 1 − α, U(p)(0) = 1, U(p)(1) = 0. (1.6)
The formula (1.3) extends previous results [13] of codimension-2 defects to codimension-2p
ones. For the Euler characteristic, the formula (1.3) also takes a remarkably simple form (2.53).
We derive the formula by smoothing out the tip of the cone using a regulator function and
taking the sharp limit in the end. Turns out that the sharp limit is independent of the regulator
function used. The same formula can also be derived by cutting a hole around the tip in which
case D(m,p)(α) arises from boundary terms.
In the second part of this work, we apply the formula to Euclidean brane solutions Mα
in Lovelock–Chern–Simons gravity in 2m + 1 dimensions. We show that the LCS action












4 Here B(x; a, b) =
∫ x
0 dt t
a−1(1 − t)b−1 is the incomplete beta function and B(p, 1/2) = B(1; p, 1/2) is the beta
function.
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where L(m) is the LCS Lagrangian in (2m + 1)-dimensions and L̂(m−p) is the intrinsic LCS
Lagrangian of the (2m − 2p+ 1)-dimensional brane Σ. Assuming the brane is anchored to the









where R̂defect(m−p) is the Lovelock scalar of a codimension-2p defect A (with length scale R) on
the boundary to which the brane is anchored, ε is the UV cut-off, κ is a parameter of the LCS
Lagrangian and 	 is the AdS radius. We prove that the coefficient of the logarithmic divergence
can be obtained directly from the boundary Weyl anomaly as well.
Finally, we study an explicit example with a spherical defect S2m−2pR of radius R on the
conformal boundary. We solve the equations of motion to find the dual geometry Mα which
contains a codimension-2p hyperbolic brane Σ that asymptotes to the defect on the boundary
∂Σ = S2m−2pR . We show explicitly how the on-shell action of the brane produces the logarithmic
divergence in the partition function of the spherical defect as expected by the general analysis.
2. Lovelock scalars in the presence of codimension-even defects
In this section, we derive a formula for the contribution D(m,p)(α) of a codimension-2pdefect to
the Lovelock scalar R(m). We will first introduce 2p-dimensional cones and their regularization
after which D(m,p)(α) is computed by two different methods.




· · ·Rcmdm]ambm]. (2.1)













· · ·Rcmdmambm (2.2)
with R(0) ≡ 1. Here
δa1...anb1...bn = n! δ
a1
[b1
· · · δanbn] (2.3)
is the generalized Kronecker delta and in our conventions antisymmetrization contains a factor
of 1/n!. Lovelock scalars form the basis of Lovelock theories of gravity that are the most
general actions constructed out of the metric tensor whose equations of motion are second
order in the metric (see [38] for a review).
2.1. Conical defects of even codimension
A 2p-dimensional cone (with p = 1, 2, . . .) is the surface





X2i = 0, Y  0 (2.4)
embedded in R2p+1 with Cartesian coordinates (Y, Xi). The parameter 0 < α  1 controls the
steepness of the cone with α = 1 being the flat plane R2p at Y = 0. It is related the opening
angle θ0 ∈ [0, π] of the cone as α = sin(θ0/2). The equation of the cone is solved by
Xi = αρΩi (2.5)
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Y = ρ
√





i = 1 parametrize a sphere and ρ  0 is its radial size. The resulting induced
metric of the cone is
ds2 = ρ2α2 dΩ22p−1 + dρ
2. (2.7)
The case p = 1 corresponds to a two-dimensional cone with a deficit angle 2π(1 − α) [13] and
for p > 1 there is a deficit in the solid angle. In [34], the metric (2.7) describes a point-mass
solution of pure Lovelock gravity in the critical dimension. Higher dimensional cones have
also been studied in the context of holographic entanglement entropy in [39, 40].
Unlike a two-dimensional cone, a 2p-dimensional cone (2.7) is not flat. Instead, for m  p
it is Lovelock flat:
Rc1d1...cmdma1b1...ambm(m) = 0, m  p (2.8)





so that the anti-symmetrization in (2.8) vanishes. This means that curvature scalars constructed
from the Lovelock tensor are blind to the deficit solid angle parameter α. In (2.9) the indices
φ,ϕ, . . . denote the 2p− 1 angular components of dΩ22p−1.
If α < 1 the cone contains a singularity at ρ = 0 where the sphere shrinks to zero size. This
can be seen from the embedding function Y(ρ) which goes to zero with slope
√
1 − α2 and does
not have vanishing derivative at ρ = 0. It is also evident from the non-zero components of the
Riemann tensor (2.9) that blow up at ρ = 0. In the case p = 1, it is known that the singularity is
distributional: it leads to a delta function contribution to R(m) which gives a finite contribution
inside integrals [13]. The same turns out to be true for singularities with p > 1 as we will show.
The sharp tip of the cone can be smoothed out by introducing a regulating function fε(ρ)
that contains an extra length scale ε and that satisfies
f0(ρ) = ρ, f ′ε(0) = 0. (2.10)
The regularized cone is then the surface (2.5), but with
Y = fε(ρ)
√
1 − α2 (2.11)
so that the slope smoothly goes to zero Y ′(0) = 0 at the tip of the cone (see figure 1). The sharp
cone is obtained from the regularized cone in the ε→ 0 limit.
The metric of the regularized cone is given by
ds2 = ρ2α2 dΩ22p−1 + uε(ρ)dρ
2 (2.12)
where uε(ρ) is related to fε(ρ) via [13]
uε(ρ) = f ′ε(ρ)
2(1 − α2) + α2. (2.13)
The function uε has to be dimensionless so by dimensional analysis
uε(ρ) = u(ρ/ε). (2.14)
6
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Figure 1. A two-dimensional cone regularized by the function fε(ρ) =
√
ρ2 + ε2 which




Then (2.10) and (2.13) imply
u(s) = α2 + ü(0)s2 +O(s3), lim
s→∞
u(s) = 1 (2.15)
where an overdot denotes a derivative with respect to s = ρ/ε. One can check that the metric















From the boundary conditions (2.15) it follows that these are indeed finite at s = 0 when ε = 0.
We are interested in codimension-2p conical defects that have a singularity of the form
(2.7) at each point along an extended surface A. The defect A is embedded in a D-dimensional
Euclidean manifold Mα and we assume that D  2p so that the dimension of A can be zero.
The metric G(0) of Mα close to the defect then takes the general form
ds2 = f (ρ,Ω, x)dΩ22p−1 + dρ
2 + Fi j(ρ,Ω, x)dx
i dx j (2.17)
where the functions have the expansions
f (ρ,Ω, x) = ρ2α2 +O(ρ4), Fi j(ρ,Ω, x) = hi j(x) +O(ρ2). (2.18)
In these coordinates, the defect A is located at ρ = 0 and the D − 2p internal dimensions of
A are parametrized by coordinates xi with hi j being its induced metric. We do not impose any
additional constraints on the shape of the manifold Mα outside of the defect.
The metric (2.17) can be regularized by introducing a regulator u(s) as above. The
regularized near defect metric is denoted by Gε(0) and is explicitly
ds2 = ρ2α2 dΩ22p−1 + u(ρ/ε)dρ
2 + hi j(x)dx
i dx j. (2.19)
The transverse (respect to A) Riemann tensors of this metric are given by (2.16).
2.2. Contribution of the defect to the Lovelock scalar
In this section, we compute the finite contribution D(m,p)(α) to the integral of a Lovelock scalar
using the regularization method. The setup is a Euclidean manifold Mα of dimension D  2p
7
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that contains a codimension-2p defect A. The defect is regularized by introducing a parameter
ε as above. This defines a regular manifold Mα(ε) for which we can calculate the integral
of the Lovelock scalar without any problems. Then we take the limit ε→ 0 and extract the
extra contribution D(m,p)(α) coming from the defect. The same strategy was used in [13, 14]
to compute the contribution of codimension-2 defects. An alternative approach to computing
D(m,p)(α) is presented in section 2.3.
Denote the metric of Mα(ε) by Gε and work in coordinates where the near defect metric is












where ρ0 > 0 is a radius which will be kept fixed during the ε→ 0 limit. When ε→ 0, the first
term integrates over the singularity and will produce D(m,p)(α). Assuming ρ0 is sufficiently
small, the first term can be computed using the near defect metric Gε(0) (2.19) up to corrections
that vanish once ρ0 → 0 is taken. The second term, on the other hand, is regular and we can set
ε = 0. We get ∫
Mα
√























is the integral over the regular part of the manifold. In other words, (2.23) is the integral from
ρ = 0 using the regular part of the metric. It is finite, because the volume form compensates
for the diverging curvatures (2.9) as ρ→ 0.5
Rest of the section is devoted to the computation of (2.22). We assume that p  m and the
case p > m is handled separately in the end.
The Lovelock scalar in (2.22) consists of a product of m Riemann tensors summed over
the indices (s,Ω, x). We can divide the sum into parts depending on the number of (s,Ω)-
components in each one. Due to total anti-symmetrization imposed by the Kronecker delta,













R j1 j2i1i2 · · ·R
j2m−2n−1 j2m−2n
i2m−2n−1i2m−2n (2.25)
5 The integrand contains at most p− 1 curvatures (2.9) and goes as ρ2p−1(1/ρ2(p−1)) ∼ ρ as ρ→ 0.
8
Class. Quantum Grav. 37 (2020) 195010 J Kastikainen
with all the indices contracted by the generalized Kronecker delta. Each term is weighted by a
combinatorial factor that arises from permuting the indices into order presented.
The upper limit of the sum (2.24) is n = p which is the maximum number of Riemann
tensors Rsϕsφ , R
ϕ1ϕ2
φ1φ2
(2.16) available. Note that if p > m then the upper limit is m and not all
angular tensors Rϕ1ϕ2φ1φ2 fit into the product. The lower limit, on the other hand, depends on the
amount of tangential Riemann tensors Ri jkl available.















where we performed the angular integrals using spherical symmetry. Performing a change of



















and the Riemann tensors are written in the coordinate s (2.16). Each Riemann tensor of the







ds ε2(p−n)s2p−1 f (s) (2.29)
where f (s) contains all the s-dependence coming from the Riemann tensors and all the ε-
dependence is included in ε2(p−n).
One can see that d(m,n) with n = p is special: it does not have any ε-dependence in the
integrand. Hence taking the limit ε→ 0 simply sets the upper limit of the integral to infinity.
This gets rid of all the ρ0-dependence as well so that the second limit ρ0 → 0 is trivial. For
d(m,n) with n < p we have to do more work: they vanish in the ρ0, ε→ 0 limit which is shown







which we will now compute.






















6 Here Ω2p−1 = 2π
p
(p−1)! is the volume of S
2p−1.
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The degeneracy factor is determined combinatorially as follows. First we have to pick the Rie-
mann tensor that contains the s-indices. There are m choices each with four ways of arranging
the indices in Rsφsϕ due to the symmetries of the Riemann tensor. This gives the factor of 4m.
From the remaining m − 1 Riemann tensors we have to pick p− 1 that contain the 2(p− 1)
angular components as Rφ1φ2ϕ1ϕ2 . The order of these in (2.31) does not matter as the sum is invariant






Next note that the Kronecker delta factorizes
δ
φ1φ2...φ2p−1i1...i2m−2p
























· · ·R j2m−2p−1 j2m−2pi2m−2p−1i2m−2p . (2.33)































· · ·R j2m−2p−1 j2m−2pi2m−2p−1i2m−2p . (2.35)
The near defect metric has spherical symmetry around the defect s = 0.7 This means that all
the 2p extrinsic curvatures of the s = 0 surface vanish. Using the Gauss–Codazzi equation, we
can hence replace Ri jkl by the intrinsic curvatures R̂
i j
kl of the defect A. The corresponding sum













where we have defined8



















7 Codimension-2 cones with broken spherical symmetry (squashed cones) were studied in [14]. Generalization to
codimension-2p squashed cones is left for future work.
8 We have checked this combinatorial factor numerically for m = 2, p = 2 and m = 3, p = 2 finding agreement.
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where we sent ε→ 0 in the upper limit of the integral as all the ε-dependence of the inte-

















)p−1 ≡ Ũ(p)(α) (2.39)
where the second equality follows by doing a change of variables u → α/
√
u and using the
boundary conditions (2.15). This integral is universal in the space of regulator functions: it
does not depend on the explicit form of u(s) and is completely determined by the boundary
conditions (2.15). Thus we finally get
d(m,p)(x) = C̃(m,p)Ũ(p)(α)R̂(m−p)(x). (2.40)
The defect contribution







which holds for p  m. For p > m, the term d(m,p) will not be special anymore in the sense
explained above. Instead, it will vanish in the same way as the terms with n < p which is
shown in appendix A. Hence
D(m,p)(α) = 0, for p > m. (2.42)
Heuristically the vanishing occurs, because the singularity is not strong enough to compen-
sate for the volume form in dimensions D  2p. It is confirmed by the alternative method
of computing D(m,p)(α) in section 2.3 and appendix B. The vanishing is also of fundamental
importance when we compute the brane contribution to the Lovelock–Chern–Simons action
in section 3.












(2p− 1)!! . (2.43)









)p−1 ⇒ U(p)(0) = 1 (2.44)













h R̂(m−p), p  m
0, p > m
(2.46)
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(m − p)! . (2.47)
The function U(p)(α) can be expressed as the regularized beta function
U(p)(α) = I(1 − α2; p, 1/2) =
B(1 − α2; p, 1/2)
B(p, 1/2)
(2.48)
where B(x; a, b) =
∫ x
0 dt t
a−1(1 − t)b−1 is the incomplete beta function and B(p, 1/2) =
B(1; p, 1/2) is the beta function.
Equation (2.46) contains the two-dimensional conical singularity p = 1 as a special case.
Noting that
U(1)(α) = 1 − α (2.49)
gives






which agrees with [13, 14]. Another interesting special case is p = m for which the dependence
on the intrinsic curvature of A completely disappears from (2.46):






which is proportional to the area of A.
2.2.1. Formula for the Euler characteristic. In dimension D = 2m  2p, the integral over the
Lovelock scalar computes the Euler characteristic χm[M] of the manifold. For a manifold









so that using (2.46) for a manifold Mα with a conical defect A, we get
χm[Mα] = U(p)(α)χm−p[A] + χm[Mα\A]. (2.53)
Remarkably, the prefactors have combined in such a way to yield the Euler characteristic of
the defect χm−p[A] multiplied by the normalized function U(p)(α).
2.3. Defect contribution from boundary terms
An alternative way to derive the contribution of codimension-2 defects to the Ricci scalar was
used in [3, 15]. The idea is to compute the metric variation of
∫
R(1) with respect to a small
change in α so that D(1,1)(α) arises from a boundary term at A. We will now generalize this
approach to codimension-2p defects and Lovelock scalars and use it to obtain a formula for
D(m,p)(α) in terms of the Chern form B(m). In appendix B, we use this formula to verify (2.46)
derived using the regularization method.
12
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Let Dε be a small tube ρ  ε surrounding the defect A in the geometry Mα. Denote the
metric on the tube boundary ∂Dε (ρ = ε) by Hμν with the indices μ, ν running over the coordi-
nates (Ω, x). Then consider the manifoldMα \Dε with the tube removed and perform a metric





















where τμν(m) is the boundary stress-energy tensor of pure Lovelock gravity, Eab(m) is the


















Here R̃ρσμν is the intrinsic Riemann tensor of the ρ = ε surface (of the metric Hμν) and Kμν
is its extrinsic curvature surface along the normal direction ρ. The Chern form (2.55) is the
Gibbons–Hawking term of pure Lovelock gravity.
Taking the ε→ 0 limit, we see that the boundary terms lead to a localized α-dependent
contribution at A which should match with D(m,p)(α) once integrated over α. To compute this
contribution, it is useful to scale the radial coordinate ρ→ αρ so that the near defect metric
becomes
ds2 = ρ2 dΩ22p−1 +
1
α2
dρ2 + hi j(x)dxi dx j. (2.56)
In these coordinates ∂αHμν = 0 so that the boundary term is a total derivative. Integrating from
α = 1, we get










This limit is computed in appendix B and the result matches with the formula (2.46) obtained
using the regularization method. Note that the expression (2.57) holds only in the coordinates
(2.56).
One often regularizes manifolds containing singularities by cutting holes around them and,
in that case, one has to introduce boundary terms at the holes. Heuristically, the fact that
the defect contribution also arises from boundary terms (2.57) ensures that cutting holes is
equivalent to smoothing out the singularities.
We also note an interesting similarity of the formula (2.57) with the ADM mass. For m = 1,
the boundary Chern form B(1) ∝ K is the trace of the extrinsic curvature of ∂Dε. In that case,




σ (K − K|(0)) (2.58)
where the integral is over a large sphere of radius r at spatial infinity and K is the trace of the
extrinsic curvature of the sphere. K|(0) is computed in a background spacetime that does not
contain the massive object. It is possible that the formulas are related in the context of brane
solutions where the defect formula could be used to compute mass.
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3. Codimension-even defects in Lovelock–Chern–Simons gravity
For torsionless (Riemannian) geometries M, Lovelock–Chern–Simons (LCS) gravity in






















The action is a Chern–Simons form for the AdS isometry group and it is traditionally writ-
ten using differential forms in the first order formalism [22] (see also [26]). In that case, the
geometryM can have non-vanishing torsion and the independent variables to be varied are the
vielbein and the spin connection. In this work, we focus on the torsionless sector of the theory
with a variational principle for the metric.
By expanding the product as a binomial series, performing the Kronecker contractions and









where (see also [44])9







Lovelock–Chern–Simons gravity is thus a special case of Lovelock gravities. The theory has a
unique AdS vacuum which can be seen from the equations of motion. The variation of a single









· · ·Rcndnanbn (3.5)




















This equality is non-trivial and is a result of the particular form of the parameters c(m,n).10 From
(3.6) is now clear that there is a unique AdS vacuum with curvature−1/	2. Hence LCS gravity
is an example of a Lovelock Unique Vacuum theory [34, 44].
We introduce the AdS curvature tensor [45]




9 The Kronecker contractions give a factor of (2m − 2n + 1)! while the corresponding t-integral gives a factor of
(2m − 2n + 1)−1.





remaining Kronecker contractions give the factor of (2m − 2n)! matching with the left-hand side.
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that measures curvature deviations from pure AdS space. Then the equations of motion (3.6)
can be written as
Eab(m) = 0 (3.8)
where Eab(m) is the tensor (3.5) with all Riemann tensors replaced by the AdS curvature (3.7).
Since the LCS action is a Chern–Simons action, the solutions of the theory correspond to flat
connections of the AdS isometry group in the first order formalism. In the metric formalism,
the topological nature of the theory is manifested in a local condition that all the solutions


















valid only in D = 2m + 1.11 The equations of motion then imply that all the solutions satisfy
F c1d1...cmdma1b1...ambm(m) = 0. (3.11)
We call such solutions locally Lovelock–AdS. When the AdS curvature 	→∞, Love-
lock–Chern–Simons gravity reduces to pure Lovelock gravity in D = 2m + 1. From (3.11)
it follows that the solutions of that theory are Lovelock flat [36, 46].
3.1. Holographic Weyl anomaly of Lovelock–Chern–Simons gravity
Consider Euclidean AdS2m+1 with Lovelock–Chern–Simons gravity in the bulk. In [25, 26]
it was shown that the Fefferman–Graham expansion of solutions of LCS gravity is finite. In




(dz2 + γμν dxμ dxν) (3.12)
where
γμν(x, z) = gμν(0)(x) + z2gμν(1)(x) + z4gμν(2)(x) (3.13)
and μ, ν, . . . run over the 2m boundary coordinates. Here g(0) is the metric on the conformal
boundary B and it is defined up to a Weyl transformation.
Let Ireg(m)[M] be the regularized on-shell LCS action of a solution M of the equations of
motion (which are all locally Lovelock–AdS). It is defined by restricting the integral in the








11 The identity can be proven using δbb1...b2maa1 ...a2m = ε
bb1 ...b2m εaa1 ...a2m and ε
bb1 ...b2mεbd1 ...d2m = δ
b1...b2m
d1...d2m
that only hold in D =
2m + 1.
12 The patch covered by the coordinates (3.12) does not necessarily extend beyond the asymptotic region to cover the
whole manifold [25].
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where Ict(m) are counterterms that are integrals on the cut-off surface z = ε. The boundary stress-














and it is a function of the conformal representative g(0) only.
The holographic Weyl anomaly is the non-vanishing of the trace of τμν(m) which measures
the response of the on-shell action with respect to Weyl transformations g(0) → Ω2g(0) of the
boundary metric. The tensor τμν(m) was computed in the first order formulation of LCS gravity
in [23–26] and the resulting holographic Weyl anomaly is given by
τμμ(m) = κ	R(m)[g(0)] (3.16)
where R(m)[g(0)] is the Lovelock scalar of the boundary metric. This translates to an expansion












+ . . . (3.17)
where G is the metric ofM, L is a length scale associated with the boundary metric g(0) and dots
contain non-universal power law divergences (that are subtracted in the renormalized action).
Assuming a holographic duality involving LCS gravity existed, the renormalized on-shell
action would be related to a partition function Z[B] of a non-unitary CFT on the boundary as
Iren(m)[M] = − log Z[B] (3.18)
in the saddle-point approximation. Then τμν(m) would compute the expectation value of the
CFT stress-tensor 〈Tμν〉g(0) on the background g(0) and (3.16) translates to the Weyl anomaly of
the boundary CFT. Whether a holographic duality involving LCS gravity exists is not relevant
to us, because all our computations are classical and independent of a quantized duality.
3.2. Partition functions of codimension-even defects
Our goal is to study the Weyl anomaly (3.16) in the presence of a codimension-2p defect
on the boundary. Because it is given in terms of the Lovelock scalar, we will be able to use
the defect formula (2.46) to compute the contribution coming from the defect. This is done
without any reference to the gravity action and is the same as computing the partition function
of a non-unitary CFT with purely type-A Weyl anomaly.
So let us consider a 2m-dimensional CFT with the anomaly (3.16) and place it on a back-
groundB. Let A2m−2p be a codimension-2psurface embedded in B and assume that the surface
is characterized by a single length scale R. A simple example is a sphere A2m−2p = S
2m−2p
R of
radius R embedded in B = R2m which will be our focus in section 4.
We introduce a deficit solid angle parametrized byα along the surface A2m−2p which defines
a boundary geometry Bα containing a codimension-2pdefect A2m−2p. Using the Weyl anomaly















13 See [31, 48] for a similar approach to computing entanglement entropy using the Weyl anomaly.
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where σ is the induced metric of A2m−2p and R̂defect(m−p) is its Lovelock scalar. There is an extra
contribution coming from the region outside of the defect, because R(m)[g] does not neces-
sarily vanish there. Since the integral of the Lovelock scalar is scale invariant, it produces a
logarithmic divergence when integrated over R:









where ε is the UV cut-off the CFT. This result can be equivalently stated in terms of the renor-
malized bulk LCS action (3.18). Next we will show how the logarithmic piece is obtained
starting from the on-shell brane action in the bulk.
3.3. On-shell actions of codimension-even branes
In the previous section, we computed the partition function of a defect on the conformal bound-
ary by using the anomaly (3.16). Given the dual geometry Mα, this translates to a logarithmic
divergence in Iren(m)[Mα] which should be directly computable starting from the action itself.
A dual geometry Mα that asymptotes to the defect geometry Bα on the boundary contains a
codimension-2pbrane Σ2m−2p+1 anchored to the defect A2m−2p (∂Σ = A). By a brane we mean
a surface with a solid angle deficit parametrized byα at each point. Hence we can use the defect
formula (2.46) to compute the corresponding brane contribution to the action and we find that
it indeed reproduces the defect contribution of (3.21).
The LCS action is a linear combination
∑
nc(m,n)R(n) up to n = m. By the defect formula
(2.46), only Lovelock scalars with n  m − p contribute to the localized contribution of the








h κ R̂(n−p) + Ireg(m)[Mα\Σ]
(3.22)
where h is the induced metric of the brane and Ireg(m)[Mα\Σ] is the action computed with the









The parameters c(m,n) (3.4) and C(m,p) (2.47) satisfy
c(m,n+p) = c(m−p,n)
m!n!
(m − p)!(n + p)! , C(n+p,p) = C(m,p)
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so that they obey the remarkable identity
c(m,n+p)C(n+p,p) = c(m−p,n)C(m,p). (3.25)





h L̂(m−p) + Ireg(m)[Mα\Σ] (3.26)


































and the brane contribution is simply LCS action localized on the brane.
In the above derivation, we assumed that we had found a solutionMα that contains a surface
of conical singularities Σ with an induced metric h. To generate such conical solutions in the











where the integral overM includes Σ. The metric G of M and the embedding functions of the
brane Σ (location of the brane) constitute the set of parameters to be varied and solved from
the equations of motion. The equation for G contains a delta function source coming from the
auxiliary brane action which leads to conical singularities of strength α alongΣ in the solution.
This can be seen at the level of the action: adding singularities along Σ in M produces an extra
term that cancels the auxiliary brane action in (3.29). Since the action (3.29) depends on the
embedding functions only through the induced metric h, the resulting equation of motion for
the embedding functions is
Ê ij(m−p)[h] = 0 (3.30)
where Ê ij(m−p) is the equation of motion tensor (3.8) for the induced metric. In other words, the
induced metric h of the conical surface is a solution of lower dimensional LCS gravity15.
We can now use (3.30) to expand the first term in the on-shell action (3.26). Because Σ
is anchored to the conformal boundary, h is an asymptotically locally AdS solution of LCS
gravity in 2m − 2p+ 1 dimensions so that it has a truncated Fefferman–Graham expansion in
the same way as G has. Hence the contribution from the conical surface has the same expansion







σ κ	 R̂defect(m−p) log
R
ε
+ · · · (3.31)
14 Same idea is used in [15].
15 Proving this at the level of equations of motion might require an analysis similar to [49].
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where A = ∂Σ is the boundary defect, R is the length scale associated with A and the dots
denote non-universal power law divergences. After renormalization of both the brane and the









and using Iren(m)[Mα] = − log Z[Bα] the defect contribution matches with the CFT computa-
tion (3.21). The part of the action not coming from the defect reproduces log Z[Bα\A] which
follows from the holographic Weyl anomaly (3.16) in the absence of defects.
It is remarkable that the on-shell brane action is Lovelock–Chern–Simons gravity of lower
dimension localized on the brane. The exact localization is expected, because the Weyl anomaly
localizes on defects on the boundary. Since L(m) gives the holographic anomaly R(m), the only
brane Lagrangian that produces R̂defect(m−p) holographically is L̂(m−p). The matching of the two
computations thus provides a strong consistency check of the defect formula (2.46) and of
even codimension defects in holographic LCS gravity.
4. Duality between spherical defects and hyperbolic branes
In this section, we explicitly demonstrate the duality between codimension-2p defects and
branes proven in previous sections for the case of a spherical defect on the boundary. We show
that the dual solution of the defect is a brane with hyperbolic intrinsic geometry and find that
the logarithmic divergence in the on-shell action matches with the partition function.
4.1. Partition function of a spherical defect
Consider a non-unitary CFT with the Weyl anomaly (3.16) on R2m. In this section, we will
compute the partition function of a spherical defect S2m−2pR ⊂ R2m of radius R using the Weyl
anomaly. To construct the metric of the defect, we start from R2m = R2p−1 × R2m−2p+1 and
write each factor in spherical coordinates:
ds2
R2m
= dρ2 + ρ2 dΩ22p−2 + dρ̃
2 + ρ̃2 dΩ̃22m−2p (4.1)
with coordinate ranges such that all ofR2m is covered. We parametrize the sphere as the surface
ρ̃2 = R2, ρ = 0 (4.2)
embedded inside the factor R2m−2p+1. Perform now the transformation
ρ =
R sin θ
cosh u + cos θ
, ρ̃ =
R sinh u
cosh u + cos θ
(4.3)





(cosh u + cos θ)2
(
dθ2 + sin2 θ dΩ22p−2 + du
2 + sinh2 u dΩ̃22m−2p
)
. (4.4)
with the metric in brackets being S2p−1 ×H2m−2p+1. The ranges of the coordinates are
0  θ < π, 0  u, m > p
0  θ < π, −∞ < u < ∞, m = p > 1
0  θ < 2π, −∞ < u < ∞, m = p = 1. (4.5)
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Figure 2. Visualization of the coordinates u and θ (4.3) for m = p = 1 and metric
ds2 = dρ2 + dρ̃2: (a) constant-u slices which are circles (b) constant-θ slices. In this
case, the defect will be an S0 which consists of two conical singularities at ρ̃ = ±R.
See figure 2 for a visualization of the coordinates for m = p = 1. The case m = p > 1 is similar,
but instead of an S1 shrinking to zero size at ρ̃ = ±R it is an S2m−1 that shrinks.









where dΣ22m−2p+1 denotes the metric of unit H
2m−2p+1. This shows that the space S2p−1 ×
H
2m−2p+1 is locally conformally flat and that the transformation (4.3) is a conformal
map from R2m to S2p−1 ×H2m−2p+1.16 Therefore it is a generalization of the Euclidean
Casini–Huerta–Myers map [30] which is a conformal map from R2m to S1 ×H2m−1.
From (4.6) we see that the conformal factor diverges along the sphere (4.2) so that it is
mapped to u = ∞ in the new coordinates (the interior of the sphere is mapped to H2m−2p+1).
Hence we can introduce a deficit solid angle α along the sphere as
ds2 =
R2
(cosh u + cos θ)2
(





As we approach the sphere u →∞, the metric (4.7) behaves as
ds2 = ũ2α2 dΩ22p−1 + R
2 dΩ̃22m−2p (4.8)
where ũ = Re−u and from which we see that there is a conical singularity at ũ = 0. Hence (4.7)
is the metric of a spherical defect of radius R and we denote it by Bα.
We can now use the formula (3.21) to compute the partition function of the defect. The
sphere has constant curvature tensor R̂kli j = (1/R






The integral over the sphere produces a factor of R2m−2p exactly cancelling the corresponding
one in the denominator and we get∫
S2m−2pR
√
σ R̂defect(m−p) = Ω2m−2p(2m − 2p)!. (4.10)
16 The conformal flatness of S2p−1 ×H2m−2p+1 is a special case of a more general theorem: a non-flat Riemannian
manifold, which is locally a direct product space, is locally conformally flat if and only if it is locally equal to Σ(R) ×
[a, b] or Σ(R) × Σ(−R) [50]. Here [a, b] ⊂ R is an interval and Σ(R) is a space of constant curvature R.
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The cancelation of R is expected due to scale invariance of this expression. The CFT partition
function (3.21) becomes
log Z[Bα] = −κ	Ω2m−2p(2m − 2p)!C(m,p)U(p)(α) log
R
ε
+ log Z[Bα\ S2m−2pR ]. (4.11)
One could explicitly compute the contribution fromBα\ S2m−2pR for the metric (4.7), but we will
not do that here. We will now show how the first term arises holographically from the action
of a hyperbolic brane in the bulk.
4.2. Euclidean hyperbolic brane solution
We look for codimension-2p hyperbolic brane solutions of Lovelock–Chern–Simons gravity
that are dual to the spherical defect (4.7). Motivated by the S2p−1 ×H2m−2p+1 structure on the
boundary, we attempt the ansatz
ds2 = f (r) 	2α2 dΩ22p−1 + f (r)
−1 dr2 + r2 dΣ22m−2p+1 (4.12)
where f (r) is an unknown function and α is a parameter that will determine the solid angle
deficit.




· · · F cmdmambm = 0. (4.13)
Turns out that to determine f (r) all we need is the (r, r)-component. It is given by
δ
rφ1φ2...φ2p−1i1...i2m−2p
rϕ1ϕ2 ...ϕ2p−1 j1... j2m−2pF
ϕ1 j1
φ1i1
Fϕ2ϕ3φ2φ3 · · · F
ϕ2p−2ϕ2p−1
φ2p−2φ2p−1




up to combinatorial prefactors which have been divided out. Here ϕ,φ run over the coordinates
of S2p−1 and i, j run over the coordinates of H2m−2p+1. Note that no other terms appear in
the sum (4.13), because all the indices have been used up in the Kronecker delta. This is the
simplification that arises from the topological nature of the theory.
The angular and surface components sum up to an overall prefactor which can be divided
























where rh is an integration constant to be fixed below. One can now check that the metric (4.12)
with f (r) given by (4.17) is locally Lovelock–AdS (it is also asymptotically locally AdS). By
an explicit computation one finds that




rφ = 0 (4.18)
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Fϕ1ϕ2φ1φ2 = 0, p− 1 total (4.19)
F kli j = 0, m − p total (4.20)
so that there are a total of (p− 1) + (m − p) = m − 1 non-zero AdS curvature tensors and
the anti-symmetrization over m of them vanishes F c1d1...cmdma1b1...ambm(m) = 0. Thus we have found a
solution of Lovelock–Chern–Simons gravity by just solving one component of the equations
of motion:
ds2 = (r2 − r2h)α2 dΩ22p−1 +
	2
r2 − r2h
dr2 + r2 dΣ22m−2p+1. (4.21)
Taking r →∞, we find the asymptotic behaviour
ds2 = r2(α2 dΩ22p−1 + dΣ
2
2m−2p+1) (4.22)
which coincides with the metric of the spherical defect (4.7) up to Weyl rescaling17. Hence the
parameter α in the metric ansatz is identified as the deficit parameter of the defect.





2 + r2h dΣ
2
2m−2p+1 (4.23)
which has a conical singularity at r = rh. Forα = 1 there is no defect on the boundary and there
should be no brane singularity in the dual solution either. This fixes the integration constant to
rh = 	 and we get the solution
ds2 = (r2 − 	2)α2 dΩ22p−1 +
	2
r2 − 	2 dr
2 + r2 dΣ22m−2p+1. (4.24)
It describes a codimension-2pbrane with deficit α at r = 	 with intrinsic hyperbolic geometry.
For α = 1 the solution is a patch of Euclidean AdS2m+1 which is shown explicitly in appendix
C. It corresponds to a foliation by S2p−1 ×H2m−2p+1-slices and the coordinates (4.24) are a
generalization of AdS–Rindler coordinates [35].18
4.3. On-shell action of the hyperbolic brane
We will now compute the on-shell action of the hyperbolic brane solution (4.24). The brane at
r = 	 has constant negative curvature R̂i jkl = (−1/	2)δ
i j






)m−p (2m − 2p+ 1)!(2m − 2p)!!
(2m − 2p+ 1)!! (4.25)








(2m − 2p+ 1)!! . (4.26)
17 The Weyl factor appearing in (4.7) can be recovered by an appropriate coordinate transformation if needed.
18 This slicing has also been used to study defect CFTs in [51].
19 δ





· · · δkm−plm−pim−p jm−p = 2
m−p(2m − 2p+ 1)!
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R2 − z2 dz
2 + (R2 − z2) dΩ22m−2p
)
. (4.27)
In these coordinates, H2m−2p+1 is covered by z ∈ [0, R] and the conformal boundary is located
at z = 0 where the brane metric matches with the metric of the defect S2m−2pR .
The regularized volume is








where we did a change of variables z → z/R. Expanding the integrand as a Taylor series, the
term of order z−1 integrates to a logarithmic divergence:
Vol H2m−2p+1 = 2	 (−	2)m−p Ω2m−2p
(2m − 2p− 1)!!
(2m − 2p)!! log
R
ε
+ · · · (4.29)
and the dots contain non-universal power law divergences. We get∫
Σ
√
h L̂(m−p) = κ	Ω2m−2p(2m − 2p)! log
R
ε
+ · · · (4.30)
After renormalizing the power law divergences using brane counterterms, we get the renor-
malized on-shell action (3.26):




where the first term matches explicitly with the result obtained from the Weyl anomaly (4.11)
after the identification Iren(m)[Mα] = − log Z[Bα].
5. Discussion and outlook
In this paper, we derived the contribution of a codimension-2p conical defect to an integral of
a Lovelock scalar and applied it in holographic Lovelock–Chern–Simons gravity. The type of
conical singularity we considered has a solid angle deficit parametrized by α. We proved that
the on-shell action of a codimension-2pbrane solution, which reaches the conformal boundary,
computes the logarithmic divergence in the partition function of a codimension-2p defect and
showed this explicitly in an example.
We focussed on conical singularities whose metric is spherically symmetric around the sin-
gularity which translates to the defect having zero extrinsic curvature. A natural generalization
of the computation is to consider squashed cones for which all the 2p extrinsic curvatures K(i)
are turned on. For codimension-2 defects, the extra contributions from K(i) do not change the
end result as they combine non-trivially to give the lower order Lovelock scalar R̂(m−1) of the
defect. This was proven in [6] for small 1 − α, and in [14] for arbitrary α, but not for all m.
Hence it is most likely true for arbitrary m,α and we expect it to hold for codimension-2p
defects as well. However, the regularization of squashed cones is more involved making the
computation of section 2.2 more complicated.
In the gravity context, the higher dimensional cones we considered are different from two-
dimensional ones, because they are not flat (their Riemann tensor is non-zero). This is the
reason why geometries including such defects do not arise as vacuum solutions of pure Einstein
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gravity: they would require matter stress-energy to support the additional curvature surround-
ing the defect. But for example in theories whose equations of motion depend on curvature
only through the Lovelock curvature tensor Rc1d1...cmdma1b1...ambm(m), extra matter is not needed, because
the cones are Lovelock flat. Hence turning on α in these theories only leads to a localized delta
function source in the equations of motion. For the same reason they appear as vacuum solu-
tions in LCS gravity where enough Riemann tensors are antisymmetrized in the equations of
motion.
A remarkable fact about the LCS action is that it localizes on a codimension-2p brane
exactly which follows from the form of the coefficients C(m,p) appearing in the defect formula
(2.46). Similar localization has been seen in Lovelock gravity in [9] where brane actions of arbi-
trary codimension were studied using junction conditions. In those cases, the brane action is
also a Lovelock action with altered coefficients. Similar result follows from the defect formula
(2.46) for branes with solid angle deficits. It would be interesting to understand the connection
between the junction condition approach to higher codimension branes and the computations
of this paper.
In the holographic computations, we did not perform renormalization of the on-shell brane
action explicitly which is required to remove the non-universal power law divergences that
appear in the regularized action [52]. In principle, the brane counterterms can be obtained
from the counterterms of the full action [53] by the use of the defect formula (2.46). This is
how counterterms to Ryu–Takayanagi formula are obtained in [54] and a similar approach
works to derive Kounterterms in Einstein gravity [55–60]. Since the brane action is also an
LCS action, one expects that the codimension-2p counterterms take the same form as the full
counterterms.
The results of this paper probe the classical and geometric aspects of a putative holographic
duality between an even-dimensional non-unitary CFT and LCS gravity. However, the exis-
tence of an actual quantized version of the duality that would arise as a limit of a string theory
system is up to debate. Already the vanishing of the type-B Weyl anomaly of the dual CFT is
not consistent with unitarity as shown by constraints arising from conformal collider thought
experiments [61].
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Appendix A. Proof of vanishing of the extra terms







ds ε2(p−n)s2p−1 f (s), (A.1)
that appear in (2.29), vanish for n < p in the ρ0, ε→ 0 limits.










where F(s) is the integral function of s2p−1 f (s). The initial value F(0) is ε-independent and is
thus taken to zero by the prefactor ε2(p−n) as ε→ 0. The first term is more troublesome, but it
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is enough to focus on the asymptotic s →∞ behaviour of F(s) since the ε→ 0 limit is taken
first.













where the bottom expression has Rsφsϕ ∼ u̇ appearing in the sum (2.25) while the top expression






where we used u(s) ∼ 1. Given any regulator u(s) that satisfies the boundary conditions (2.15),
there exists an a > 0 such that























that both go to zero at least once the second limit ρ0 → 0 is taken.
Appendix B. Defect contribution as a limit of boundary terms
We will now prove the formula
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is the Chern form. To remove clutter, we will denote





The metric near the defect A is of the form
ds2 = ρ2 dΩ22p−1 +
1
α2
dρ2 + hi j(x)dx
i dx j. (B.4)
























where we used the Gauss–Codazzi equation and spherical symmetry to write R̃i1i2j1 j2 in terms of


















Qϕ2ϕ3φ2φ3 · · · Q
ϕ2p−2ϕ2p−1
φ2p−2φ2p−1




+ . . . (B.7)







































h R̂(m−p) +O(ε2) (B.10)
where we did the change of variables u = αt in the integral. Now the difference B(m) − B(m)|α=1
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This matches exactly with the expression (2.41) for D(m,p)(α).
For p > m, the leading term (B.7) with p− 1 angular tensors Qφ1φ2ϕ1ϕ2 does not contribute to











This is in agreement with the vanishing D(m,p)(α) for p > m.
Appendix C. Euclidean AdS2m+1 in S2p−1 ×H2m−2p+1-slicing
In this appendix, we describe a slicing of AdS2m+1 that appeared as the α = 1 limit of the
hyperbolic brane geometry (4.24).




X2i = −	2. (C.1)
into R1,2m+1 with the metric




The embedding is solved by
X0 = r cosh u (C.3)
Xi =
⎧⎪⎪⎨⎪⎪⎩
(r2 − 	2)1/2 cos θ, i = 1
(r2 − 	2)1/2 sin θΩi, i = 2, . . . , 2p








Ω̃2i = 1. (C.5)
The ranges of the coordinates are
	  r, 0  u, 0  θ < π. (C.6)
The resulting metric on AdS2m+1 is
ds2 = (r2 − 	2) (dθ2 + sin2 θ dΩ22p−2) +
	2
r2 − 	2 dr
2 + r2(du2 + sinh2 u dΩ̃22m−2p). (C.7)
This can also be written as
ds2 = (r2 − 	2)dΩ22p−1 +
	2
r2 − 	2 dr
2 + r2 dΣ22m−2p+1 (C.8)
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which is the α = 1 limit of the hyperbolic brane solution (4.24) found in section 4.2. It corre-
sponds to Euclidean AdS2m+1 in S2p−1 ×H2m−2p+1-slicing. For p = 1 the metric is Euclidean
AdS–Rindler space which corresponds to S1 ×H2m−1-slicing.
We compare the coordinates (C.7) to Poincaré coordinates. Poincaré coordinates give a flat


























ρΩi, i = 2, . . . , 2p
	
z
ρ̃ Ω̃i, i = 2p+ 1, . . . , 2m + 1
(C.10)
where R is an arbitrary length scale and the coordinate ranges are
0  z, ρ, ρ̃. (C.11)





dz2 + dρ2 + ρ2 dΩ22p−2 + dρ̃
2 + ρ̃2 dΩ̃22m−2p
)
(C.12)
where the R2m-slice has been factorized as R2p−1 × R2m−2p+1 with each factor written in
spherical coordinates.
The two coordinate systems are related by a transformation of the form
r = r(z, ρ, ρ̃), θ = θ(z, ρ, ρ̃), u = u(z, ρ, ρ̃) (C.13)
with rest of the coordinates being the same between the two foliations. On the boundary r = ∞
or z = 0, the transformation induces the generalized Casini–Huerta–Myers conformal map
(4.3).
By equating X1 coordinate of the two embeddings, we find that the surface r = 	 corre-
sponds to the (2m − 2p+ 1)-dimensional hemisphere
z2 + ρ̃2 = R2, ρ = 0 (C.14)
of radius R in Poincaré coordinates. On the boundary z = 0, the hemisphere asymptotes to
a sphere S2m−2pR of radius R embedded inside the R
2m−2p+1 factor of R2m. This describes the




[1] Calabrese P and Cardy J 2004 Entanglement entropy and quantum field theory J. Stat. Mech. P06002
[2] Calabrese P and Cardy J 2009 Entanglement entropy and conformal field theory J. Phys. A: Math.
Theor. 42 504005
[3] Lewkowycz A and Maldacena J 2013 Generalized gravitational entropy J. High Energy Phys.
JHEP08(2013)090
28
Class. Quantum Grav. 37 (2020) 195010 J Kastikainen
[4] Ryu S and Takayanagi T 2006 Holographic derivation of entanglement entropy from AdS/CFT
Phys. Rev. Lett. 96 18
[5] Ryu S and Takayanagi T 2006 Aspects of holographic entanglement entropy J. High Energy Phys.
JHEP08(2006)045
[6] Dong X 2014 Holographic entanglement entropy for general higher derivative gravity J. High
Energy Phys. JHEP01(2014)044
[7] Candelas P et al 1991 A pair of Calabi-Yau manifolds as an exactly soluble superconformal theory
Nucl. Phys. B 359 21–74
[8] Strominger A 1995 Massless black holes and conifolds in string theory Nucl. Phys. B 451 96–108
[9] Charmousis C and Zegers R 2005 Matching conditions for a brane of arbitrary codimension J. High
Energy Phys. JHEP08(2005)075
[10] Appleby S A and Battye R A 2007 Regularized braneworlds of arbitrary codimension Phys. Rev. D
76 124009
[11] Zegers R 2008 Self-gravitating branes of codimension 4 in Lovelock gravity J. High Energy Phys.
JHEP03(2008)066
[12] Lovelock D 1971 The Einstein tensor and its generalizations J. Math. Phys. 12 498–501
[13] Fursaev D V and Solodukhin S N 1995 On the description of the Riemannian geometry in the
presence of conical defects Phys. Rev. D 52 2133–43
[14] Fursaev D V, Patrushev A and Solodukhin S N 2013 Distributional geometry of squashed cones
Phys. Rev. D 88 044054
[15] Dong X 2016 The gravity dual of Renyi entropy Nat. Commun. 7 12472
[16] Teitelboim C and Zanelli J 1987 Dimensionally continued topological gravitation theory in Hamil-
tonian form Class. Quantum Grav. 4 L125–9
[17] Myers R C 1987 Higher-derivative gravity, surface terms, and string theory Phys. Rev. D 36 392–6
[18] Deser S, Jackiw R and ’t Hooft G 1984 Three-dimensional Einstein gravity: dynamics of flat space
Ann. Phys., NY 152 220–35
[19] Deser S and Jackiw R 1984 Three-dimensional cosmological gravity: dynamics of constant
curvature Ann. Phys., NY 153 405–16
[20] Miskovic O and Zanelli J 2009 Negative spectrum of the 2 + 1 black hole Phys. Rev. D 79 105011
[21] Chamseddine A H 1989 Topological gauge theory of gravity in five and all odd dimensions Phys.
Lett. B 233 291–4
[22] Chamseddine A H 1990 Topological gravity and supergravity in various dimensions Nucl. Phys. B
346 213–34
[23] Banados M, Schwimmer A and Theisen S 2004 Chern-Simons gravity and holographic anomalies
J. High Energy Phys. JHEP05(2004)039
[24] Banados M, Olea R and Theisen S 2005 Counterterms and dual holographic anomalies in CS gravity
J. High Energy Phys. JHEP10(2005)067
[25] Banados M, Miskovic O and Theisen S 2006 Holographic currents in first order gravity and finite
Fefferman-Graham expansions J. High Energy Phys. JHEP06(2006)025
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